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Geometrically Nonlinear Theory of Multilayered Plates
with Interlayer Slips

Marco Di Sciuva¤

Politecnico di Torino, Turin 10129, Italy

The formulationofageometricallynonlineartheoryof anisotropicmultilayeredplates of general layupsfeaturing
interlayer slips is discussed. The theory rests on a displacement � eld, which accounts for an arbitrary distribution
of the tangential displacements through the laminate thickness, ful� lls a priori the static continuity conditions of
tangential stresses at the layer interfaces, and allows for jumps in the tangential displacements so as to provide the
possibility of incorporating effects of interfacial imperfection. For the interlayer displacement jump, a linear shear
slip law is postulated. No a priori assumption is made on the type and order of the expansion in the thicknesswise
direction of the tangential displacements. The pertinent equations of motion and consistent boundary conditions
are derived by means of the dynamic version of the principle of virtual work. These are given in terms of force and
moment stress resultants and in terms of generalized displacements. The generalization achieved by the proposed
approach is shown by deriving, as particular cases, the recently proposed � rst-order and third-order models for
laminated plates featuring interlayer slips.

I. Introduction

I T is well known that, unlike their homogeneous isotropic coun-
terparts, the anisotropic constitution of multilayered composite

structuresoften results in uniquephenomenathat can occur at vastly
different geometric scales, i.e., at the global level, at the ply level,
or at the reinforcement-matrixlevel.Because the propertiesof com-
posite materials are signi� cantly in� uenced by the properties of in-
terfaces between the constituents, the perfect interface assumption
(featuring continuous displacements and tractions across the inter-
face and, thus, disregarding the interface properties and structures)
used in most analytical and numerical work on composite mate-
rials in many cases of interest could be inadequate. For example,
one of the possible ways of yielding stiffness degradation in lami-
natedcompositestructures is typicallyassociatedwith the interlayer
slip. The interlayer slip causes separation of bonded layers and, as
a result, stiffness degradation. This, in fact, constitutes a fracture
mode for the laminated structures with negative repercussions on
the overall behavior of the structure, which involve its static, dy-
namic, and stability responses. Whereas the technical literature of
the last two decades registers a growing number of papers on mod-
eling of laminatedsolid and sandwichbeams, plates, and shellswith
perfectly bonded layers (for example, the survey paper of Kapania
and Raciti,1;2 Refs. 3–7, and the recent book by Reddy8 ); surpris-
ingly, in spite of its importance, the theory of laminated structures
with nonrigidly bonded interfaces was developed for the most part
for laminated beams,9 – 11 with very few research investigations on
the topic of the present paper, e.g., Refs. 12–15. The aim of the
present paper is to make a contribution in this � eld.

The paper is concerned with the formulation of a geometrically
nonlineartheory (in the von Kármán sense) for laminatedcomposite
plates of general laminationcon� gurationsand featuringnonrigidly
bonded interfaces.The approachmakes use of a displacement � eld,
which 1) accounts for an arbitrary distributionof the tangential dis-
placements through the laminate thickness, 2) ful� lls a priori the
static continuity conditions of tangential stresses at the layer inter-
faces, and 3) allows for jumps in the tangential displacements so as
to provide the possibility of incorporating effects of interfacial im-
perfection. For the interlayer displacement jump a linear shear slip
law is postulated,which includes also the two extreme cases of per-
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fectlybondedsurfaces and of completelydebondedones. [Note that
it has been shown by Lu and Liu13 that the linear slip theory can be
made equivalent to a very thin embeddedcompliant layer approach.
Also, the embedded layer approach appears to work well in model-
ing delaminationor imperfect bond.11 The author is indebted to one
of the referees for calling attention to these two papers.] The per-
tinent equations of motion and consistent boundary conditions are
derived by means of the dynamic version of the principle of virtual
work in terms of force and moment stress resultants.After deriving
the constitutiveequations for arbitrarily laminated plates, the equa-
tionsof motion also are given in termsof generalizeddisplacements.
Other key features of the proposed approach are as follows: 1) no
a priori assumption is made on the type and order of the expansion
in the thicknesswise direction of the tangential displacements; 2)
the number of generalized displacement in the kinematics is inde-
pendent of the number of layers, as in the equivalent single-layer
theories;and3) if present,theassumedkinematicstakes intoaccount
the unsymmetry in the layup; that is, in the assumed displacement
� eld there are some parameters whose value depends on the layup
and are zero for symmetric layup. The paper represents a contin-
uation and development of the results obtained previously by Di
Sciuva.16

The generalizationachieved by the proposed approach is shown
by deriving, as particular cases, the recently proposed � rst-order14

and third-order15 models for laminated plate featuring interlayer
slips. It is hoped that the presented developmentswill contribute to
a deeper understandingand reliable prediction of the load carrying
capacity and failure of such structures.

II. Preliminaries
Consider a composite laminated plate consisting of a � nite num-

ber of linearly elastic anisotropic parallel layers, each of them ex-
hibiting different physicomechanical properties. The existence of
the imperfect bonding between the surfaces of two arbitrary con-
tiguous layers is postulated.

V is the volume of the plate in the undeformed (reference) con-
� guration, ÄC and Ä¡ are the upper and bottom external planes of
the plate, whereas S is the lateral boundary surface of V generated
by the normal to Ä along its boundary curve 0 (with arc length s).
Moreover, Sp and Su and 0p and 0u are the two parts of S and
0, where tractions and displacements, respectively, are prescribed.
The thickness of the kth lamina and of the entire plate are denoted
as .k/h .k D 1; 2; : : : ; N / and h, respectively, where N is the total
number of layers.

The thickness of each layer, as well as of the entire plate, is
assumed to be constant, and the material of each layer is assumed to
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Fig. 1 Plate geometry and coordinate system.

possessa planeof elastic symmetry parallel to the referencesurface.
For the sake of convenience, the undeformed bottom surface of the
plate is selected as the reference plane Ä (Fig. 1). The points of
the three-dimensional plate structure are referred to an orthogonal
Cartesian coordinate system x j . j D 1; 2; 3/ with unit vectors i j ,
where x® .® D 1; 2/ is the set of in-plane coordinates on Ä and x3

is the coordinate normal to Ä.
The distances (along x3 ) between the reference plane and the

undeformed upper and bottom faces of the kth layer are denoted by
.k/ Z C and .k/ Z ¡, respectively.Associated with the boundary curve
0 of Ä, we de� ne the unit tangent and outward unit normal vectors
t and n, respectively, by

t D t® i®; n D n® i® D t £ i3 .1/

where t® and n® are the direction cosines of unit tangent and the
unit outward normal with respect to the ® axis and n, t, and i3 are
oriented in such a way that the (n; t; x3) form a right-handedcoor-
dinate system. Unless otherwise speci� ed, the usual Cartesian indi-
cial notation is employedwith Latin indices ranging from 1 to 3 and
Greek indices ranging from 1 to 2, respectively. Repeated indices
imply the Einsteiniansummationconvention,and .¢¢/;i is used to de-
note partial differentiationwith respect to xi . Superscript .k/ placed
to the right of any quantity identi� es its af� liation to the kth layer,
whereas superscript .k/ placed to the left of any quantity identi� es
the element in the series expansionof the displacementcomponents.
Moreover, Q¾i j is the secondPiola–Kirchhoffstress tensor and Qei j the
Lagrange strain tensor. Under the assumptions that each layer pos-
sesses a plane of elastic symmetry parallel to the reference plane
(x1; x2 ) and that ¾33 D 0, the following stress-strain relations hold
for each layer:

Q¾®¯ D Q®¯° ± Qe° ± C Q̧
®¯ 2; Q¾®3 D 2Q®3° 3 Qe° 3 .2/

where Q®¯° ± are the transformed reduced components of the stiff-
ness tensor; they are symmetric in the label ® and ¯, ° and ±, and the
pairs of indices ®¯ and ° ±. Here Q̧

®¯ are the transformed thermal
expansion coef� cients, and 2 D 2.xi / denotes the stationary tem-
perature rise from a reference value. It is postulated that the elastic
properties are temperature independent.

III. Kinematics
In the spirit of the von Kármán partially nonlinear theory, the

following expressions for the Lagrangian strain-displacementrela-
tionships are used:

Qei j D 1
2 . Qu i; j C Qu j;i C Qu3;i Qu3; j / .3/

where Qui .x j / is the displacement in the xi direction.
Let us consider a laminated composite plate featuring interlam-

ina slips. We know from the theory of elasticity that the displace-
ments and stresses at the interface k between the kth and .k C 1/th

perfectly bonded layers must satisfy the following geometric and
static continuity conditions (contact conditions):

.k/ Qu®

­­
x3 D .k/ ZC D .k C 1/ Qu®

­­
x3 D .k C 1/ Z ¡ (4)

Q¾®3jx3 D .k/ ZC D Q¾®3jx3 D .k C 1/ Z ¡ (5)

whereas at the interface l between the lth and .l C1/th layers featur-
ing interlamina slip, Eq. (4) should be substitutedby the following,
expressing the interlayer jump of tangential displacement compo-
nents:

.l/ OU® D .l C 1/ Qu®

­­
x3 D .l C 1/ Z¡ ¡ .l/ Qu®

­­
x3 D .l/ ZC .6/

If the thickness distributions of the transverse shear and normal
strains are assumed to be arbitrary, then the contact conditions on
the stresses will, in general, not be satis� ed if the layers have differ-
ent mechanical properties. In developing a displacement � eld that
ful� lls the contactconditions(5) on the transverseshearingstresses,
we assume the following expressions for Qu i .x j / in the kth layer:

Qu® .x j / D u® .x j / C U®.x j / C OU®.x j /
(7)

Qu3.x j / D u.0/

3 .x¯ /

where

u®.x j / D
RX

r D 0

L.r/.x3/u.r/
® .x¯ / .8/

gives the contributionto the in-planedisplacement,which is contin-
uous with respect to the thicknesscoordinate x3 (this is the classical
series expansionused in the single-layeror smeared laminate mod-
els),

U® .x j / D
N ¡ 1X

k D 1

.k/Á®.x¯ /
¡
x3 ¡ .k/ ZC¢

Hk .9/

gives the contribution to the in-plane displacement, which is con-
tinuous with respect to x3 but with jumps in the � rst derivative at
the interfaces between adjacent layers (this is the expansionused to
model multilayered plates by enforcing the continuity of the trans-
verse shear stressesat the interfaces in the zig-zagmodels,17– 20 and

OU®.x j / D
N ¡ 1X

k D 1

.k/ OU®.x¯ /Hk .10/

gives the in-plane displacement jumps across each interface, which
enable interfacial imperfection to be incorporated. Here, Hk D
H .x3 ¡ .k/ Z C/ is the Heavisideunit functionand .k/Á®.x¯ / are func-
tions to be determined by satisfying the contact conditions (5) on
the transverse shearing stresses at the interfaces.

The functions L.r/.x3/ can be givenby any set of linearly indepen-
dent functions, at least continuous with their � rst derivatives with
respect to x3 (see Sec. V). Substitutionof the displacement � eld (7)
into Eq. (3) yields

2Qe®¯ D
RX

r D 0

L .r/
¡
u.r/

¯;® C u.r/

®;¯

¢
C u.0/

3;® u.0/

3;¯ C
N ¡ 1X

k D 1

¡
.k/Á¯;® C .k/Á®;¯

¢

£
¡
x3 ¡ .k/ Z C¢

Hk C
N ¡ 1X

k D 1

¡
.k/ OU¯;® C .k/ OU®;¯

¢
Hk (11)

2 Qe®3 D
RX

r D 0

u.r /
® L .r/

;3 C u.0/

3;® C
N ¡ 1X

k D 1

.k/Á® Hk

We compute .k/Á® in such a way that continuity conditions on the
transverseshearingstressesare satis� ed at the interface.The result is

.k/Á® D .k/a®¯ u.0/
3;¯ C

RX

r D 0

.k/a.r/
®¯ u.r/

¯ (12)
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where .k/a®¯ ; .k/a.r/

®¯ are known constants depending only on the
transverse shear mechanical properties of the constituent layers,

.k/a®¯ D .k/A®¯ C .k/A®±

k ¡ 1X

q D 1

.q/a±¯ (13)

.k/a.r /
®¯ D .k/A®¯ L.r/

;3

­­
x3 D .k/ Z C C .k/A®±

k ¡ 1X

q D 1

.q/a.r/
±¯ (14)

with

.k/A®¯ D .k C 1/S®3° 3

¡
.k C 1/ Q° 3¯3 ¡ .k/ Q° 3¯3

¢
.15/

Q®3¯3 and S®3¯3 are the componentsof the transverseshear stiffness
and compliance tensors, respectively.Then, we obtain

U®.x j / D
N ¡ 1X

k D 1

"
.k/a®¯ u.0/

3;¯ C
RX

r D 0

.k/a.r/
®¯ u.r/

¯

#
¡
x3 ¡ .k/ Z C¢

Hk .16/

and, consequently,

Qu® .x j / D
RX

r D 0

L.r/.x3/u.r/
® .x¿ / C

N ¡ 1X

k D 1

"
.k/a®¯ u.0/

3;¿ C
RX

r D 0

.k/a.r/
®¯ u.r/

¯

#

£
¡
x3 ¡ .k/ Z C¢

Hk C
N ¡ 1X

k D 1

.k/ OU® .x¿ /Hk (17)

or, in equivalent form,

Qu® .x j / D
RX

r D 0

"
±®¯ L .r /.x3/ C

N ¡ 1X

k D 1

.k/a.r/

®¯

¡
x3 ¡ .k/ Z C¢

Hk

#
u.r/

¯ .x¿ /

C u.0/

3;¯

N ¡ 1X

k D 1

.k/a®¯

¡
x3 ¡ .k/ ZC¢

Hk C
N ¡ 1X

k D 1

.k/ OU®.x¿ /Hk (18)

Let

P .r/

®¯ .x3/ D ±®¯ L.r/.x3/ C
N ¡ 1X

k D 1

.k/a.r /

®¯

¡
x3 ¡ .k/ Z C¢

Hk (19)

h®¯ .x3/ D
N ¡ 1X

k D 1

.k/a®¯

¡
x3 ¡ .k/ Z C¢

Hk (20)

then Eq. (18) is

Qu® .x j / D
RX

r D 0

P .r/

®¯ .x3/u
.r/

¯ .x¿ / C h®¯.x3/u.0/

3;¯ C
N ¡ 1X

k D 1

.k/ OU®.x¯ /Hk

(21)
which is a generalization to unsymmetric multilayered plates fea-
turing interlayer slips of our previous results on unsymmetric mul-
tilayered plates with perfectly bonded layers.16

For the interlayer displacement jump, we will postulate a linear
shear slip law (see Ref. 15 for a broad discussion on this topic)

.k/ OU®

¡
x¿ ; x3 D .k/ Z C¢

D .k/T®¯

¡
x¿ ; x3 D .k/ Z C¢

£.k/ Q¾¯3

¡
x¿ ; x3 D .k/ Z C¢

(22)

where .k/T®¯ ¸ 0 are the sliding constants (spring– layer interface)
between the kth and .k C 1/th layers. In addition to the ex-
treme situations corresponding to the rigidly bonding interfaces
(.k/T®¯ D 0 yielding .k/ OU® D 0) and completelydebondinginterfaces
(.k/T®¯ D 1 yielding .k/ Q¾®3 D 0), Eq. (22) also covers the case of im-
perfectly bonded interfaces (.k/T®¯ 6D 0; 1). Obviously, Eq. (22)
is appropriate to model only the sliding deformation because for
a completely debonded interfaces the general deformation also in-
cludes opening of debonded faces.

With the use of the stress–strain relations (2) and by taking into
account that

2 Qe®3 D
RX

r D 0

P .r /

®¯;3u
.r/

¯ C .±®¯ C h®¯;3/u
.0/

3;¯

Eq. (22) is

.k/ OU® D .k/T®¸.x!/.k/ Q¸3° 3

£
"

RX

r D 0

P .r/

°¯;3u.r /
¯ C .±°¯ C h°¯;3/u

.0/

3;¯

#

x3 D .k/ Z C

(23)

[Note that, in general, .k/T®¸.x¿ / will be a function of the in-plane
coordinate x¿ . We will consider .k/T®¸ constant with respect to x¿ .]
Then, Eq. (21) is

Qu®.x j / D
RX

r D 0

OP .r /

®¯ .x3/u
.r/

¯ .x¿ / C Oh®¯.x3/u.0/

3;¯ .x¿ / .24/

where we have posed

OP .r/

®¯ .x3/ D P.r/

®¯ .x3/ C
N ¡ 1X

k D 1

.k/T®¸
.k/ Q¸3° 3 P .r /

°¯;3

¡
.k/ ZC¢

Hk (25)

Oh®¯ .x3/ D h®¯ .x3/ C
N ¡ 1X

k D 1

.k/T®¸
.k/ Q¸3° 3

£
±°¯ C h°¯;3

¡
.k/ Z C¢¤

Hk

(26)
For the strain components,we obtain

2Qe®¯ D
RX

r D 0

£ OP .r/
®° u.r/

° ;¯ C OP .r/

¯° u.r/
° ;®

¤
C Oh®° u.0/

3;°¯

C Oh¯° u.0/

3;° ® C u.0/

3;®u.0/

3;¯
(27)

2 Qe®3 D
RX

r D 0

P .r/

®¯;3u
.r/

¯ C .±®¯ C h®¯;3/u
.0/

3;¯
(28)

Notice that Eq. (24) is simply a series expansion in x3 of Qu® with
basis functions having discontinuous� rst derivativewith respect to
x3 at the interfaces between layers but continuous in the interior of
the layers.

IV. Equations of Motion and Boundary Conditions
The equationsofmotionand thevariationallyconsistentboundary

conditionsare formulatedin a weak form using the dynamic version
of the principle of virtual displacements,

Z

Ä

h Q¾®¯ ± Qe®¯ C 2 Q¾®3± Qe®3i dÄ D
Z

Ä

¡
Npt

3 C Npb
3

¢
±u.0/

3 dÄ

C
NX

l D 1

Z

.l /S p

Npi ± Qu i dS ¡
Z

Ä

h½ RQui ± Qu i i dÄ (29)

where

h¢ ¢ ¢i D
NX

k D 1

Z .k/ Z C

.k/ Z ¡
.¢ ¢ ¢/ dx3

Here, .k/Sp is the portion of the lateral cylindrical surface of the
kth layer on which the external loads .k/ Npi are assigned; Npt

3 and
Npb

3 are the transverse loads applied on the top ÄC and bottom Ä¡

surfaces of the plate; ½ is the material mass density; the overdot
indicates differentiation with respect to the time, and the overbar
the prescribed value of a quantity.

Making use in Eq. (29) of the strain-displacementrelations (27)
and (28), and applying Green’s theorem wherever feasible, one ob-
tain the following expression for the virtual work statement (29):

¡
RX

s D 0

Z

Ä

³
OS.s/
®° ;® ¡ T .s/

° ¡
RX

r D 0

Om.r;s/
¯° Ru.r/

¯ ¡ Om.s/
°¯ Ru.0/

3;¯

´
±u.s/

° dÄ

C
Z

Ä

"
OM®°;° ® ¡ .Q® C T®/;® ¡

¡
N®¯ u.0/

3;®

¢
;¯

¡ Npt
3 ¡ Npb

3

¡
RX

r D 0

Om .r/
¯° Ru.r /

¯;° ¡ Om¯° Ru.0/

3;¯° C m.0/ Ru.0/

3

#

±u.0/

3 dÄ
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¡
Z

0p

"
RX

s D 0

NOS.s/
° n±u.s/

° C . NV3 ¡ NOMnt;n/±u.0/

3 C NOM nn±u.0/

3;n

#

d0

¡
£ NOMnt ±u.0/

3

¤
j0 p

C
Z

0

"
RX

r D 0

OS.r/
° n ±u.r/

°

C
¡
N®nu.0/

3;® ¡ OV3 ¡ OMnt;t

¢
±u.0/

3 C OMnn±u.0/

3;n

#

d0 C
£ NOMnt ±u.0/

3

¤
j0

C
Z

0

n°

³
Q° C T° C

RX

r D 0

Om.r /

¯° Ru.r /

¯ C Om¯° Ru.0/

3;¯

´
±u.0/

3 d0 D 0

(30)
where

OV3 D OM®°;° n® .31/

and

.¢/®n D n¯ .¢/®¯ ; .¢/n D n®.¢/®n ; .¢/nt D n1.¢/2n ¡ n2.¢/1n

(32)
on 0. In Eq. (30),

¡
N®¯ I OM®¯ I OS.r/

®¯

¢
D

«
Q¾®°

¡
±°¯ I Oh°¯ I OP .r/

°¯

¢¬
(33)

¡
T¯ I Q¯ I T .r /

¯

¢
D

«
Q¾®3

¡
±®¯ I h®¯;3I P .r/

®¯;3

¢¬
(34)

are force and moment stress resultants for unit length,
¡
m.i /I Om¯° I Om.r/

¯° I Om.r;s/

¯°

¢
D

«
½

¡
x i

3I Oh®¯
Oh®° I OP .r/

®¯
Oh®° I OP.r/

®¯
OP .s/
®°

¢¬

(35)
are inertia resultants, and

¡ NOM° n I NOS.s/
° n

¢
D

«
Np®

¡ Oh®° I OP .s/
®°

¢¬
I NV3 D h Np3i .36/

are resultants of the applied tractions.

A. Equations of Motion
Setting the coef� cients of the virtual variationsof the generalized

coordinatesin thedomain integralsequal to zeroyieldsthe following
equations of motion.

For ±u.s/
° ,

OS.s/
®° ;® ¡ T .s/

° D
RX

r D 0

Om.r;s/
¯° Ru.r /

¯ C Om.s/
°¯ Ru.0/

3;¯ ; s D 1; : : : ; R .37/

For ±u.0/

3 ,

OM®°;° ® ¡ .Q® C T® /;® ¡
¡
N®¯ u.0/

3;®

¢
;¯

D Npt
3 C Npb

3

C
RX

r D 0

Om .r /
¯° Ru.r /

¯;° C Om¯° Ru.0/

3;¯° ¡ m.0/ Ru.0/

3 (38)

The preceding equations are given in terms of force and moment
stress resultants. To express them in terms of the generalized dis-
placement coordinates, we need the plate constitutive equations.
Substituting Eqs. (27) and (28) into the stress–strain relations (2)
and the resulting ones into Eqs. (33) and (34) yields the following
plate constitutiveequations:

¡
N®¯ I OM®¯ I OS.r /

®¯

¢
D

RX

r D 0

¡ OD.r/

®¯¿ ¹I OE .r/

®¯¿ ¹I OF .s;r/

®¯¿ ¹

¢
u.r/

¿;¹

C
¡ OB®¯¿ ¹I OC®¯¿¹I OE .s/

®¯¿ ¹

¢
u.0/

3;¿¹ C 1

2

¡ OA®¯¿¹I OB®¯¿ ¹I OD.s/

®¯¿¹

¢

£ u.0/

3;¿ u.0/

3;¹ C
¡
N 2

®¯ I OM2
®¯I OS2.r /

®¯

¢
(39)

¡
T®I Q® I T .s/

®

¢
D

RX

r D 0

¡
D.r/

®3¿ 3I E .r /

®3¿ 3I F .s;r/

®3¿3

¢
u.r/

¿

C . OA®3¿ 3 C OB®3¿ 3I OB¿3®3 C OC®3¿ 3I OD¿3®3 C OE¿ 3®3/u
.0/

3;¿
(40)

where 8
><

>:

OA®¯¿ ¹

OB®¯¿ ¹

OD.r/
®¯¿ ¹

9
>=

>;
D Q®° ¼ ¹±°¯

8
><

>:

±¼ ¿

Oh¼ ¿

OP .r/
¼¿

9
>=

>;
(41)

8
><

>:

OB®¯¿¹

OC®¯¿ ¹

OE .r /
®¯¿ ¹

9
>=

>;
D Q®° ¼ ¹

Oh°¯

8
><

>:

±¼ ¿

Oh¼¿

OP.r/
¼¿

9
>=

>;
(42)

OF .r;s/

®¯¿ ¹ D
«
Q®° ¼ ¹

OP .r/

°¯
OP.s/
¼¿

¬
(43)

8
><

>:

OA¯3¿3

OB¯3¿ 3

OD.r /

¯3¿ 3

9
>=

>;
D Q®3° 3±®¯

8
><

>:

±° ¿

Oh° ¿;3

OP .r/

° ¿;3

9
>=

>;
(44)

(
OC¯3¿ 3

OE¯3¿ 3

)
D

D
Q®3° 3

Oh®¯;3

(
Oh° ¿;3

OP.r/

° ¿;3

)E
(45)

F .r;s/

¯3¿ 3 D
«
Q®3° 3 P.r/

®¯;3 P.r/

° ¿;3

¬
(46)

are the plate stiffnesses and
±

N 2
®¯ I OM2

®¯ I OS2.r/

®¯

²
D

« Q̧
®° 2

¡
±°¯ I Oh°¯ I OP.r/

°¯

¢¬

are the thermal stress resultants and stress couples. In deriving the
preceding relations, use has been made of the symmetry conditions
of the elasticity coef� cients.

By taking into accountEqs. (39) and (40), the equationsof motion
can be expressed in terms of generalizeddisplacement components
as follows.

For ±u.s/
° ,

RX

r D 0

OF .s;r/
®° ¿ ¹u.r /

¿;¹® C OE .s/
®° ¿ ¹u.0/

3;¿ ¹® C OD.s/
®° ¼¹

¡
u.0/

3;¼®u.0/

3;¹ C u.0/

3;¼ u.0/

3;¹®

¢

¡
RX

r D 0

F .s;r/

° 3¿ 3u
.r/
¿ C .D¿ 3° 3 C E¿3° 3/u.0/

3;¿ C OS2.s/

®°;®

D
RX

r D 0

Om .r;s/
¯° Ru.r/

¯ C Om .s/
°¯ Ru.0/

3;¯ (47)

For ±u.0/

3 ,

RX

r D 0

OE .r/
®° ¿ ¹u.r/

¿;¹° ® C OC®° ¿¼ u.0/

3;¿ ¼° ® C 1

2
OB®° ¼¹

£
¡
u.0/

3;¼° ®u.0/

3;¹ C u.0/

3;¼ u.0/

3;¹° ®

¢
¡

¡
E .r/

®3¿3 C D.r/

®3¿ 3

¢
u.r/

¿;®

¡ . OA®3¿ 3 C OB¿3®3 C OB®3¿ 3 C OC®3¿ 3/u
.0/

3;¿ ® ¡
¡
N®¯ u.0/

3;®

¢
;¯

C OM2
®°;° ® D Npt

3 C Npb
3 ¡

RX

r D 0

Om.r/

¯° Ru.r/

¯;° ¡ Om¯° Ru.0/

3;¯° C m .0/ Ru.0/

3

(48)
B. Boundary Conditions

The set of boundary conditions is

u.r /
° D u.r/

° (49a)

OS.r /
° n D OS.r/

° n (49b)

u.0/

3 D u.0/

3 (50a)

N®nu.0/

3;® ¡ OV3 ¡ OMnt;t C n° .Q° C T° /

D NV3 ¡ OMn t;t ¡ n°

³
RX

r D 0

Om.r/
¯° C Om¯° Ru.0/

;¯

´
(50b)

u.0/

3;n D u.0/

3;n (51a)

OMnn D OMnn (51b)

where Eqs. (49a), (50a), and (51a) are prescribed on 0u and Eqs.
(49b), (50b), and (51b) are natural on 0p .
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V. Special Plate Models
To show the generalization achieved by the preceding formula-

tion, in this section we obtain, by specialization, two plate mod-
els recently proposed in the literature for laminated plate featur-
ing interlayer slips. To do this, we start by noting that, with minor
exceptions,21 in the literature the set of basis funtions L .r/.x3/ is
commonly chosen to be polynomial functions, speci� cally, power
expansion of x3. In accordance with this trend, let us choose

L .r/.x3/ D xr
3 ; r D 0; 1; : : : ; R .52/

Note that these functions are linearly independent but not orthogo-
nal. It is well known that it is possible to construct a set of polyno-
mials from these that are orthogonalon the interval [¡h=2; Ch=2].
These polynomials are the Legendre polynomials of the � rst kind
of the argument z D 2x3=h,

L.r/.z/ D 1

2rr

dr

dzr
.z2 ¡ 1/r

As a consequenceof Eq. (52),

OP .0/

®¯ D ±®¯ (53)

OP .1/
®¯ D ±®¯ x3 C

N ¡ 1X

k D 1

.k/a®¯

¡
x3 ¡ .k/ Z C¢

Hk

C
N ¡ 1X

k D 1

.k/T®¸
.k/ Q¸3° 3

³
±°¯ C

k¡1X

p D 1

.p/a°¯ Hp

´
Hk (54)

Oh®¯ D
N ¡ 1X

k D 1

.k/a®¯

¡
x3 ¡ .k/ ZC¢

Hk

C
N ¡ 1X

k D 1

.k/T®¸
.k/ Q¸3° 3

³
±°¯ C

k¡1X

p D 1

.p/a°¯ Hp

´
Hk (55)

Comparing Eq. (54) with Eq. (55), we obtain

OP .1/

®¯ D x3±®¯ C Oh®¯ D x3
OP .0/

®¯ C Oh®¯ .56/

Thus, Eq. (24) transforms to

Qu®.x j / D u.0/
® C x3u

.1/
® C

¡
u.1/

¯ C u.0/

3;¯

¢ Oh®¯ C
RX

r D 2

OP .r /

®¯ u.r /

¯ .57/

and

2Qe®¯ D u.0/

®;¯ C u.0/

¯;® C x3

¡
u.1/

®;¯ C u.1/

¯;®

¢

C
¡
u.1/

° C u.0/

3;°

¢
;¯

Oh®° C
¡
u.1/

° C u.0/

3;°

¢
;®

Oh¯°

C
RX

r D 2

¡ OP .r /
®°

u.r /

° ;¯ C OP .r/

¯° u.r/
° ;®

¢
C u.0/

3;®u.0/

3;¯
(58)

2Qe®3 D
RX

r D 2

P .r/

®¯;3u.r/

¯ C
¡
u.1/

¯ C u.0/

3;¯

¢
"

±®¯ C
N ¡ 1X

k D 1

.k/a®¯ Hk

#
(59)

By taking into account Eqs. (56) and (33), it follows that

OS.0/

®¯ D N®¯; OS.1/

®¯ D M .1/

®¯ C OM®¯ .60/

where we have posed

M .1/

®¯ D h Q¾®° ±°¯ x3i .61/

Similarly, by taking into account that

P .0/

®¯;3 D 0; P .1/

®¯;3 D ±®¯ C h®¯;3

it follows from Eq. (34) that

T .0/

¯ D 0; T .1/

¯ D T¯ C Q¯ .62/

Now, let us impose the following constraints:

Q²®3 D 0 for x3 D 0; h .63/

(Note that, for the multilayered plates considered in this study, this
implies Q¾®3 D 0 for x3 D 0; h.)

By taking into account that in the � rst layer the continuity con-
stants are zero, we � nd that the constraint (63) will be met if

u.1/
¯ D ¡u.0/

3;¯
(64a)

RX

r D 2

A.r/

®¯ u.r/

¯ D 0 (64b)

where we have posed

A.r/

®¯ D P .r /

®¯;3

­­
x3 D h

D rhr ¡ 1±®¯ C
N ¡ 1X

k D 1

.k/a.r/

®¯ ; r D 2; 3 .65/

Equation (64b) allows us to express u.p/
® in terms of u.q/

® ; q D
2; :::; RI q 6D p. The result is

u.p/
® D C .pq/

®¯ u.q/

¯ ; p 6D q .66/

with

C .pq/

®¯ D ¡A.p/

®° ¡ A.q /

°¯ .67/

where A.r/

®¯¡ are the elements of the inverse of the square matrix
(2 £ 2) whose elements are A.r/

®¯ . Note that, in the smeared laminate
approach, A.r/

®¯ D rhr ¡ 1±®¯ . As a result, we obtain

C .pq/

®¯ D ¡
qhq ¡ 1

ph p ¡ 1
±®¯

If we choose p D 2 in Eq. (66), then Eq. (57) after imposing the
constraint condition (63) will be

Qu®.x j / D u.0/
® ¡ x3u.0/

3;® C
RX

r D 2

OP .r/
®¯ u.r/

¯

D u.0/
® ¡ x3u.0/

3;® C
RX

r D 3

L.r/

®¯ u.r/

¯ (68)

where we have made the following position:

L.r/

®¯ D OP .2/
®! C .2r/

!¯ C OP .r/

®¯ for r ¸ 3 .69/

For the strain components,we obtain

2Qe®¯ D u.0/

®;¯ C u.0/

¯;® ¡ 2x3u.0/

3;®¯

C
RX

r D 2

¡ OP .r /
®° u.r /

° ;¯ C OP .r/
¯° u.r/

° ;®

¢
C u.0/

3;®u.0/

3;¯

D u.0/
®;¯ C u.0/

¯;® ¡ 2x3u.0/

3;®¯

C
RX

r D 3

¡
L.r/

®° u.r/

° ;¯ C L.r/

¯° u.r/
° ;®

¢
C u.0/

3;® u.0/

3;¯
(70)

2 Qe®3 D
RX

r D 2

P.r/

®¯;3u
.r/
¯

D
RX

r D 3

L.r/
®¯;3u

.r/
¯ (71)

Equations (68) do not formallydiffer from Eq. (8). The difference is
that the quantitiesL.r /

®¯ .x3/ .r ¸ 2/ are continuousfunctionsin x3 but
with a piecewise-continuous� rst derivative, i.e., with a continuous
derivativeon the segments of a normal to the basic surface enclosed
within the layers, i.e., in the interior of each layer, but with jumps
at the interfaces between layers.

With the useof the stress–strain relations(2) andof theexpression
for the transverse shear strain components (71), one obtains

.k/ OU® D .k/T®¸
.k/ Q¸3° 3

RX

r D 2

P .r/

°¯;3

¡
.k/ Z C¢

u.r/
¯ .72/
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A. Equations of Motion and Boundary Conditions
Because of the constraint condition (64a), it is not possible to

obtain the equationsof motion and the boundaryconditionsdirectly
from the virtual work statement in the form given by Eq. (30). Then
we go back and elaborate on it further by taking into account the
constraint condition (64a). The result is

¡
Z

Ä

³
N®°;® ¡ Om.0;0/

¯° Ru.0/

¯ C Om .1;0/

¯° Ru.0/

3;¯ ¡
RX

r D 2

Om.r;0/

¯° Ru.r /

¯

¡ Om .0/
°¯ Ru.0/

3;¯

´
±u.0/

° dÄ ¡
Z

Ä

"
M .1/

®° ;®° C
¡
N®¯ u.0/

3;®

¢
;¯

C Npt
3 C Npb

3

¡
¡

Om .0;1/

¯° ¡ Om.0/

¯°

¢
Ru.0/

¯;° C
¡

Om.1;1/

¯° ¡ Om.1/

¯°

¢
Ru.0/

3;¯°

¡
RX

r D 2

¡
Om.r;1/

¯° ¡ Om.r/
¯°

¢
Ru.r/

¯;° ¡
¡

Om.1/
°¯ ¡ Om¯°

¢
Ru.0/

3;¯° ¡ m.0/ Ru.0/

3

#

£ ±u.0/

3 dÄ ¡
RX

s D 2

Z

Ä

³
OS.s/
®° ;®

¡ T .s/
°

¡ Om .0;s/

¯° Ru.0/

¯ C Om.1;s/

¯° Ru.0/

3;¯

¡
RX

r D 2

Om.r;s/

¯° Ru.r /

¯ ¡ Om.s/

°¯ Ru.0/

3;¯

´
±u.s/

° dÄ

¡
Z

0 p

"
RX

s D 0

NOS.s/
° n±u.s/

° C . NV3 ¡ NOM nt;t /±u.0/

3 C NOMnn±u.0/

3;n

#
d0

¡
£ NOMnt ±u.0/

3

¤
j0p

C
Z

0

"
RX

r D 0

OS.r/
° n ±u.r/

° C
¡
N®nu.0/

3;® ¡ OV3 ¡ OMnt;t

¢

£ ±u.0/

3 C OMnn±u.0/

3;n

#

d0 C
£ OMnt ±u.0/

3

¤
j0

C
Z

0

n°

"
OS.1/

®° ;® ¡
¡

Om.0;1/
¯° ¡ Om.0/

¯°

¢
Ru.0/

¯ C
¡

Om.1;1/
¯° ¡ Om.1/

¯°

¢
Ru.0/

3;¯

¡
RX

r D 2

¡
Om.r;1/

¯° ¡ Om.r/
¯°

¢
Ru.r/

¯ ¡
¡

Om .1/
°¯ ¡ Om¯°

¢
Ru.0/

3;¯

#

±u.0/
3 d0 D 0

(73)

where use has been made of the relations (60) and (62). Thus, we
obtain the following equations of motion.

For ±u.0/
° ,

N®°;® D Om.0;0/
¯° Ru.0/

¯ ¡
¡

Om .1;0/
¯° ¡ Om.0/

°¯

¢
Ru.0/

3;¯ C
RX

r D 2

Om.r;0/
¯° Ru.r /

¯ .74/

For ±u.0/

3 ,

M .1/
®° ;®° C

¡
N®¯ u.0/

3;®

¢
;¯

D ¡ Npt
3 ¡ Npb

3 C m.0/ Ru.0/

3

C
¡

Om .0;1/

¯° ¡ Om.0/

¯°

¢
Ru.0/

¯;° ¡
¡

Om.1;1/

¯° ¡ Om.1/

¯° ¡ Om.1/

°¯ C Om¯°

¢
Ru.0/

3;¯°

C
RX

r D 2

¡
Om.r;1/

¯° ¡ Om.r/
¯°

¢
Ru.r/

¯;° (75)

For ±u.s/
° ,

OS.s/
®° ;® ¡ T .s/

° D Om.0;s/

¯° Ru.0/

¯ ¡
¡

Om.1;s/

¯° ¡ Om.s/

°¯

¢
Ru.0/

3;¯ C
RX

r D 2

Om.r;s/

¯° Ru.r/

¯ Ru.0/

3;¯

(76)

By taking into account that on 0u the virtual variations of the gen-
eralizeddisplacementsare zero, the contributionfrom the boundary
integrals can be written as follows:

Z

0 p

.N° n ¡ NN° n/±u.0/
° d0 ¡

Z

0p

¡ OS.1/
° n ¡ NOS.1/

° n

¢
±u.0/

3;° d0

C
Z

0p

RX

s D 0

¡ OS.s/
° n ¡ NOS.s/

° n

¢
±u.s/

° d0 C
Z

0 p

. OMnn ¡ NOMnn/±u.0/

3;n d0

C
Z

0p

(
N®nu.0/

3;® ¡ OV3 ¡ OMnt;t ¡ NV3 C NOMnt;t

C n°

"
M .1/

®° ;® C OM®°;® ¡
¡

Om.0;1/

¯° ¡ Om.0/

¯°

¢
Ru.0/

¯

C
¡

Om.1;1/

¯° ¡ Om.1/

¯° ¡ Om.1/

°¯ C Om¯°

¢
Ru.0/

3;¯

¡
RX

r D 2

¡
Om.r;1/

¯° ¡ Om.r/

¯°

¢
Ru.r/

¯

#)

±u.0/

3 d0 D 0 (77)

B. Third-Order Plate Model
This plate model has been proposed recently by Cheng et al.15

We can obtain it by letting R D 3 in the equations derived in the
preceding subsection.Speci� cally, the following results hold.

1. Kinematics
Substituting Eq. (66) with p D 2 into Eqs. (68), (70), and (71)

yields

Qu®.x j / D u.0/
® ¡ x3u

.0/

3;® C x2
3

¡
x3±®¯ C C .23/

®¯

¢
u.3/

¯

C u.3/

¯ C .23/

®¯

3X

r D 2

N ¡ 1X

k D 1

"
.k/a.r/

®¯

¡
x3 ¡ .k/ Z C¢

C .k/T®¸
.k/ Q¸3° 3

£
³

±°¯r
£

.k/ Z C¤r ¡ 1 C
k ¡ 1X

p D 1

.p/a.r/

°¯ Hp

#́
Hk (78)

2Qe®¯ D u.0/
®;¯ C u.0/

¯;® ¡ 2x3u.0/

3;®¯ C x2
3

¡
x3±®° C C .23/

®°

¢
u.3/

° ;¯

C x2
3

¡
x3±¯° C C .23/

¯°

¢
u.3/

° ;® C u.3/
¿;¯ C .23/

®¿

3X

r D 2

N ¡ 1X

k D 1

£
"

.k/a.2/
®¿

¡
x3 ¡ .k/ Z C¢

C .k/T®¸
.k/ Q¸3° 3

£
³

±° ¿ r
£

.k/ Z C¤r ¡ 1 C
k ¡ 1X

p D 1

.p/a.r/
° ¿ Hp

#́
Hk

C u.3/
¿;®C .23/

¯¿

3X

r D 2

N ¡ 1X

k D 1

"
.k/a.2/

¯¿

¡
x3 ¡ .k/ Z C¢

C .k/T¯¸
.k/ Q¸3° 3

£
³

±° ¿ r
£

.k/ Z C¤r ¡ 1
k ¡ 1X

p D 1

. p/a.2/
° ¿ Hp

#́
Hk C u.0/

3;®u.0/

3;¯
(79)

2Qe®3 D x3

¡
2C .23/

®¯ C 3x3±®¯

¢
u.3/

¯ C u.3/

¯ C .23/

®¯

3X

r D 2

N ¡ 1X

k D 1

.k/a.r/

®¯ Hk (80)

2. Equations of Motion
We obtain the equationsof motion for this plate model exploiting

the principleof virtual work in the form given by Eq. (73) and mak-
ing use of the constraint condition (64b). The result is as follows.

For ±u.0/
° ,

N®°;® D Om.0;0/

¯° Ru.0/

¯ ¡ Om.1;0/

¯° Ru.0/

3;¯ C
¡
C.23/

¯! Om.2;0/

¯° C Om.3;0/
!°

¢
Ru.3/

! .81/

For ±u.0/

3 ,

M .1/
®° ;®° C

¡
N®¯ u.0/

3;®

¢
;¯

D ¡ Npt
3 ¡ Npb

3 C
¡

Om .0;1/

¯° ¡ Om.0/

¯°

¢
Ru.0/

¯;°

¡
¡

Om.1;1/
¯° ¡ Om.1/

¯°

¢
Ru.0/

3;¯° C
£
C .23/

¯!

¡
Om.2;1/

¯° ¡ Om.2/
¯°

¢

C
¡

Om.3;1/
!°

¡ Om.3/
!°

¢¤
Ru.3/

!;°
C

¡
Om.1/

°¯ ¡ Om¯°

¢
Ru.0/

3;¯° C m .0/ Ru.0/

3 (82)

For ±u.3/
! ,

C.23/
° !

OS.2/
®° ;® C OS.3/

®!;® ¡ C.23/
° ! T .s/

° ¡ T .3/
! D

¡
C.23/

° ! Om.0;2/

¯° C Om.0;3/

¯!

¢
Ru.0/

¯

¡
¡
C .23/

° ! Om.1;2/

¯° C Om .1;3/

¯!

¢
Ru.0/

3;¯ C
3X

r D 2

¡
C.23/

° ! Om.r;2/

¯° C Om.r;3/

¯°

¢
Ru.r/

¯

(83)
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The corresponding linearized (small de� ection theory) equations
were derived recently by Cheng et al.15

C. First-Order Plate Models
If we neglectin Eq. (57) the contributionassociatedwithr ¸ 2, we

obtain the displacement� eld employedby Schmidt and Librescu14:

Qu® .x j / D u.0/
® C x3u

.1/
® C

¡
u.1/

¯ C u.0/

3;¯

¢Oh®¯ .84/

The related equationsof motion in terms of force and moment stress
resultants follows in a straightforward manner from Eqs. (37) and
(38), by taking into account the earlier relations. We obtain, in gen-
eral, the following.

For ±u.0/
° ,

N®°;® D Om.0;0/

¯° Ru.0/

¯ C Om.1;0/

¯° Ru.1/

¯ C
RX

r D 2

Om.r;0/

¯° Ru.r/

¯ C Om .0/

°¯ Ru.0/

3;¯ .85/

For ±u.1/
° ,

OS.1/
®° ;® ¡ T .1/

° D Om.0;1/
¯° Ru.0/

¯ C Om.1;1/
¯° Ru.1/

¯

C
RX

r D 2

Om.r;1/

¯° Ru.r/

¯ C Om.1/

°¯ Ru.0/

3;¯
(86)

For ±u.s/
° ,

OS.s/
®° ;® ¡ T .s/

° D Om.0;s/

¯° Ru.0/

¯ C Om .1;s/

¯° Ru.1/

¯

C
RX

r D 2

Om.r;s/

¯° Ru.r /

¯ C Om.s/

°¯ Ru.0/

3;¯ s ¸ 2 (87)

For ±u.0/
3 ,

OM®°;®° ¡ .Q® C T® /;® ¡
¡
N®¯ u.0/

3;®

¢
;¯

D Npt
3 C Npb

3 C Om.0/

°¯ Ru.0/

¯;°

C Om .1/

°¯ Ru.1/

¯;° C
RX

r D 2

Om.r/

°¯ Ru.r/

¯;° C Om¯° Ru.0/

3;¯° ¡ m0 Ru.0/

3 (88)

In particular, for the case at hand, we have the following.
For ±u.0/

° ,

N®°;® D Om.0;0/
¯° Ru.0/

¯ C Om.1;0/
¯° Ru.1/

¯ C Om.0/
°¯ Ru.0/

3;¯ .89/

For ±u.1/
° ,

OS.1/
®° ;® ¡ T .1/

° D Om .0;1/

¯° Ru.0/

¯ C Om.1;1/

¯° Ru.1/

¯ C Om .1/

°¯ Ru.0/

3;¯ .90/

For ±u.0/

3 ,

OM®°;®° ¡ .Q® C T® /;® ¡
¡
N®¯ u.0/

3;®

¢
;¯

D Npt
3 C Npb

3 C Om.0/

°¯ Ru.0/

¯;°

C Om .1/

°¯ Ru.1/

¯;° C Om¯° Ru.0/

3;¯° ¡ m.0/ Ru.0/

3 (91)

D. Plate Models with Perfectly Bonded Interfaces
If in the displacement � eld (7) and in the subsequent derivation

we neglect the effect due to interlayer slips, OU®.x j /, we obtain the
governingequations for multilayeredplates with general layup and
perfectly bonded interfaces. These plate models were formulated
and discussed by Di Sciuva16 using small de� ection theory.

VI. Concluding Remarks
We formulate a general theory for the analysis of the geometri-

cally nonlinear elastodynamic behavior of multilayered plates fea-
turing interlayerslips. The theory is quite general in that no a priori
assumption is made on the order of the thickness expansion of the
in-planedisplacements.The pertinentequationsof motion and con-
sistent boundary conditions are derived by means of the dynamic
version of the principle of virtual work.

The generalizationachievedby the proposedapproachis assessed
by deriving, as particular cases, the � rst-order theory proposed by
Schmidt and Librescu14 and the third-order theory proposed by
Cheng et al.15 for laminated plate featuring interlayer slips.

It is hoped that the present paper will contribute to a better under-
standingof the behaviorof laminatedplateswith interfacialdefects.

Work is in progress to obtain numerical results on the large de-
� ection and postbuckling behavior of such plates by using models
of different order. Another line of research is the development of
� nite elements based on the plate theory presented, to account for
variation of the slip phenomenon in the plane of the plate.
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